Phase transitions in anyon models in (2+1)-dimensions can be driven by condensation of bosonic particle sectors. We study such condensates in a diagrammatic language and explicitly establish the relation between the states in the fusion spaces of the theory with the condensate, to the states in the parent theory using a new set of mathematical quantities called vertex lifting coefficients (VLCs). These allow one to calculate the full set of topological data (S-, T -, R-and F -matrices) in the condensed phase. We provide closed form expressions of the topological data in terms of the VLCs and provide a method by which one can calculate the VLCs for a wide class of bosonic condensates. We furthermore furnish a concrete recipe to lift arbitrary diagrams directly from the condensed phase to the original phase, such that they can be evaluated using the data of the original theory and a limited number of VLCs. Some representative examples are worked out in detail.
I. INTRODUCTION
The classification of possible phases of matter is at the heart of condensed matter physics. Conventionally this is linked to the notion of symmetry breaking characterized by a non-vanishing vacuum expectation value of certain local order parameters. Examples include the superconducting gap function or the magnetization vector.
In the past decade it has become evident that this is not the whole story. Different integer quantum Hall phases for example exhibit different macroscopic physics (in particular, their Hall conductivity) while all of them appear like a structureless electron liquid on the microscopic level 1 . In a seminal paper 2 , Thouless et al. argued that the distinction between these phases cannot be made with a local order parameter, but can be captured by a non-local quantity -a topological invariant that is obtained by integrating Berry flux over the Brillouin zone. Hence the names 'topological orders' or 'topological phases of matter' which are now commonly used to describe such phases that cannot be captured by local order parameters.
A lot of progress has been made identifying such topological order parameters for different systems. For free fermion systems this has led to an elegant 'periodic table'-like classification 3, 4 , containing phases of matter such as the quantum spin Hall state 5, 6 , the integer quantum Hall state and the p + ip superconductor. More generally the quest for observables that identify the type of topological order has spawned among others such quantities as topological entanglement entropies and spectra, whereas we have in previous work 7 proposed the topological S-matrix.
One particular class of interacting topological phases has received an extraordinary amount of attention: anyon models in (2+1)-dimensions, not the least because they have been proposed as a way to realize fault-tolerant quantum computing 8 . From a field theory point of view two families of anyon models have been identified: ChernSimons theories, which are closely related to the mathematics of knot theory and the Jones polynomial 9 , and discrete gauge theories 10 , of which Kitaev's toric code 8 is a close relative. Different lattice realizations of (non-chiral varieties of) these theories have been constructed, for example Levin-Wen models 11, 12 or discrete lattice gauge theories 7 .
The study of the phase structure of an anyon model can be pursued along two complementary directions. First, one could start from a lattice model and add perturbing terms to its Hamiltonian. These terms can drive a phase transition in the system which can be studied using Monte Carlo methods 7, 13 , perturbative expansions 14 or mappings to exactly solvable models 15 .
Some of these phase transitions can be attributed to the formation of a Bose condensate in the original theory. Much of the physics of these transitions is independent of the underlying lattice realization and this opens up a second approach taking the knowledge of the topological quantum field theory (TQFT) of the anyon model as a starting point. It turns out that from that topological data one can indeed determine the low-energy effective TQFT in the presence of the bosonic condensate -and this is the program we pursue further in this paper.
For discrete gauge theories (DGTs), where the particle sectors can be understood as irreducible representations (irreps) of an underlying quantum group 10 (the quan-tum double D(H) of a finite group H), it amounts to a Higgs-type effect and as such is really a case of symmetry breaking: the quantum group gets reduced and the low-energy TQFT is given by the irreps of this smaller quantum group 16 . For CS theories the situation is more complex: although these too can be understood as irreps of quantum groups 17 -quantum deformations of SU (N ) -but identifying the TQFT after Bose condensation is more involved. In Ref. 18 this problem was tackled, not by looking at the group explicitly, but rather by studying the breaking on the level of the fusion algebra. It was shown that by demanding that the Bose condensate acts as a vacuum sector and requiring commutativity and associativity of the fusion algebra an effective theory in the condensed phase could be reconstructed. However, what was reconstructed was a consistent fusion algebra and its braiding -but not the full set of all TQFT data for the condensed phase. In particular, the F -matrices that implements an associator on the level of the fusion spaces were not derived in this framework.
The present work aims to fill in that gap. We show how the fusion spaces in the condensed theory and its parent theory are related. For this purpose, we introduce a new set of numbers called vertex lifting coefficients (VLCs) and we show how the full set of topological data in the Bose condensed phase can be expressed in terms of the topological data of the original phase and these VLCs. We also provide a scheme to calculate these numbers explicitly for a number of examples.
From a physics point of view, this work is relevant for a number of reasons. First it yields a deeper understanding of the method proposed in Ref. 18 , which provided a way to map between the particle sectors of the Bose condensed theory and the parent, 'unbroken' theory. However, the important ingredient that is added in this paper is the map between the fusion spaces that form the Hilbert space of any anyon problem, involving many particles. We furthermore demonstrate how to express diagrammatic expressions, corresponding to operator expectation values in the condensed phase in terms of diagrams in the original phase. For example the S-matrix is such an observable 7, 19, 20 , corresponding diagrammatically to the Hopf link, and clearly, having the tools to calculate its vacuum expectation value in different phases of an anyon model is important.
Another application of the present work is that it might allow to calculate additional topological data. Determining the F -and R-matrices of a theory from scratch, starting from the fusion algebra is a daunting task: it involves solving the pentagon and hexagon equations and has only been done for theories with a handful of different particles (see e.g. Ref. 21 ). However, for SU (2) k theories closed formulae exist for these quantities. Together with the VLCs one can thus calculate the topological data for all theories that are related to SU (2) k theories through the formation of a Bose condensate.
A rigorous mathematical analysis of some of what we present here, goes back to work of Kirillov and Ostrik 22, 23 . The consistency conditions on the condensate which we formulate turn out to be equivalent to the definition of a commutative seperable Frobenius algebra in the context of unitary braided tensor categories. In Ref. 23 Kong identifies this as the relevant mathematical structure by performing a bootstrap analysis based on physically justifiable assumptions, and as such forms an interesting bridge between the physical and mathematical literature. In the work presented here we go one step further, where we develop quite general tools which allow us to do explicit calculations. Indeed, this is much facilitated by the introduction of the VLCs, which to our knowledge have up to now not been exploited in the literature.
The remainder of this paper is organized as follows. In Section II we recap the basic notions of TQFTs in the diagrammatic notation of Refs. 24 and 25. In Section III we study TQFT in the presence of a bosonic condensate. First we discuss the requirements on the condensate and what the presence of this non-trivial ground state does to the particle sectors. After that we introduce the vertex lifting coefficients (VLCs) and study some of their properties. It is explained how they allow one to calculate the full set of topological data of the broken phase, including F -and R-matrices. In Section IV it is explained how to calculate full diagrammatic expressions in the presence of a Bose condensate: this requires the dressing of diagrams by vacuum exchange lines (VELs). The actual calculation of the VLCs is presented in Section V. Two classes of condensates are worked out in full: one component condensates with and without a triple-vacuum vertex. An example of each case is worked out in detail. After that we conclude and present some ideas for future research. In the Appendix the topological data for SU (2) k theories along with a full list of consistency conditions for the VLCs is presented.
II. ANYON MODELS

A. Particle spectrum
Fusion algebra An anyon model A has a finite collection of topological charges {a, b, c, . . . } (or anyons), which obey fusion rules
Throughout this paper we will assume that the fusion multiplicities N c ab only take the values 0 and 1. This is often the case in concrete examples, but in general they are non-negative integers.
26
There is a unique trivial particle, the vacuum, which we will denote with 0 ∈ A. It has the property that 0 × a = a × 0 = a for all a. Furthermore, fusion is associative such that (
Each charge a ∈ A has a unique conjugate chargeā ∈ A such that a andā can annihilate: a ×ā = 0 + . . . . If some superposition of charges reads s = a + . . . it is often convenient to use the notation a ∈ s (for example 0 ∈ a ×ā).
An important number is the quantum dimension d a of the charge a, which is the largest eigenvalue of the fusion matrix N a with components (N a ) bc = N c ab . It is the asymptotic growth of the dimension of the topological Hilbert space spanned by anyons of charge a, i.e. taking the fusion product of N charge a anyons a × · · · × a leads to a topological Hilbert space of dimension d N a in the large N limit. They obey
The total quantum dimension of the theory is defined as
Propagator To construct diagrams we associate a directed line to each charge label a, representing the anyon propagating in time (which we take flowing upward). Reversing the orientation of a line segment is equivalent to conjugating the charge, so
The vacuum line is usually left out of the diagrams. When made explicit, it is drawn dotted. Topological spin The topological spin θ a , also called twist factor, is associated with a 2π rotation of an anyon of charge a and is diagramatically defined by the twisted lines
and
When applicable, θ a is related to the (ordinary angular momentum) spin or CFT conformal scaling dimension h a of a, by
In any case, it is often convenient to give h a instead of θ a .
B. Fusion spaces
Operators on anyons are constructed from elementary splitting spaces V ab c , which are complex vector spaces of dimension N c ab . We pick an element |a, b; c for all V ab c and associate to it a vertex
We note that |a, b; c as well as the corresponding diagram are necessarily zero when N 1/4 ensures that bending lines up and down will at worst give a phase, so the evaluation of diagrams is maximally invariant under topological manipulations (see Eq. (25)). We refer to the diagram on the right hand side of Eq. (7) as a splitting vertex.
Dual to the splitting space we have the fusion space V ? ?
The splitting and fusion vertices are the elementary building blocks for more complicated operators, that can be formed by stacking them such that the charge lines connect. For example, we can now write down the inner product c; a, b | a, b; c as an operator c → c as
which encodes diagrammatically that anyonic charge is conserved.
The identity operator on a pair of anyons with charges a and b is
which can now be written as
All equations of diagrams can be applied locally in bigger, more complicated diagrams to do more elaborate calculations. The notation V a 1 ...a m a1...an is generally used for operators taking anyons a 1 , . . . , a n to anyons a 1 , . . . , a m .
Unitarity We will consider unitary theories only. The conjugate of a diagrammatically given operator is obtained by mirroring the diagram in the horizontal plane and then reversing all arrows. Coefficients are complex conjugated, e.g. 
however we might as well have represented them using diagrams of the form
These are merely two representations in terms of different basis states. For consistency, the two representations have to be related by a unitary transformation and it turns out that this transformation is an essential piece of data for the anyon models captured in a set of so called F -symbols. 27 These are complex numbers [F
(when the diagram on the right evaluates to zero, we take the corresponding F -symbol as zero as well). Unitarity amounts to
The quantum dimension is related to the F -symbols via
There is an important gauge freedom in the F -symbols corresponding to a choice of phase u ab c for all elementary splitting vertices,
In order for the theory to be consistent, the set of Fsymbols should satisfy the so called pentagon equations,
(see Refs. 24 and 25 for details). It is extremely convenient to define F -symbols for diagrams with two-anyons coming in and two-anyons coming out,
With the use of (11) and (9) one may deduce
These alternative F -moves can be used to change a splitting vertex with one leg bent down into a fusion vertex, et cetera. This gives equalities like
and so on. The symbols [F 
For most a these can be set to 1 by a gauge transformation of the F -symbols, but for self-conjugate charges it is a gauge invariant quantity known as the Frobenius-Schur indicator. For a =ā, one has κ a = ±1.
For the expert reader we note that we do not use additional flags in the cup and cap diagrams, but choose to make explicit use of the Frobenius-Schur indicator to straighten charge lines.
Topological Hilbert space Anyon models can to great a extent be understood as conventional quantum mechanics on the topological Hilbert space. For a system with overall neutral anyonic charge containing anyons a 1 , . . . , a n this is the space V 
which may be thought of as the operator creating the state from the vacuum.
C. Braiding
R-matrix A characteristic property of anyons is their non-trivial exchange statistics. The effect of two anyons switching places in the system is taken into account by the braiding operators or R-matrices, which are written as
They are defined by their action on basis states of the
When thinking of the charge lines as ribbons, it is a matter of topological manipulation to see that the monodromy equation holds, see the so-called "suspenders diagram" in Figure 1 .
D. Evaluation of diagrams
Tensor product and entanglement The tensor product of two operators X and Y is given by the diagram The notion of entanglement therefore has an appealing graphical visualization: states or operators can be written as a tensor product when they are equivalent to disjoint diagrams without nontrivial charge lines connecting the parts. Trace We will require the quantum trace of an operator X, Tr X, which is denoted diagrammatically by closing the diagram with loops that match the outgoing lines with the incoming lines at the same position
(35) Topological S-matrix An important object is the topological S-matrix, which is defined as
It encodes a wealth of information about the theory A. By applying the monodromy equation, we find
The theory is called modular when S ab is non-degenerate (and in that case unitary). Together with the T -matrix with coefficients
it forms a representation of the modular group SL(2, Z) with defining relations (ST ) 3 = S 2 = C and S 4 = 1, where C ab = δ ab is the charge conjugation matrix. Here c is the topological central charge, which is equal to the central charge of the corresponding CFT mod 24 when applicable. It can be determined mod 8 from the twist factors and quantum dimensions by the relation
The S-matrix gives direct access to the quantum dimensions of the charges and the total quantum dimension. The fusion rules can be derived via the Verlinde formula
The S-matrix elements can in principle be measured by certain interferometry measurements 25, 28, 29 . Two of the present authors have also proposed it as an order parameter characterizing topological order 7 (independently this was also proposed by Ref. 19) . Recently it was used to determine the non-abelian order in a model of interacting lattice bosons 20 .
III. TQFT IN THE PRESENCE OF A BOSE CONDENSATE
In this paper we study TQFT in the presence of a Bose condensate. In other words, by some mechanism that is beyond the scope of the present work one or more bosonic sectors in A have gained a vacuum expectation value and we want to study the remaining TQFT content of the theory. This determination is done in two steps. We first achieve consistent fusion resulting in an algebra called T . Then we project out confined sectors, resulting in a braided theory for the bulk in the broken phase U. This scheme, known as topological symmetry breaking (TSB), can thus be abbreviated as
For more details, we refer the reader to Ref. 18 .
A. Conditions on the new vacuum
Let us first discuss the general requirements on the condensate that we impose. Suppose that a collection of charges γ 1 , . . . , γ n ∈ A condenses. The condensate is then ϕ = 0 + γ 1 + · · · + γ n (when convenient we put γ 0 = 0). The quantum dimension of the condensate, q = d ϕ = j d γj , also called quantum embedding index, will turn out to be an important number associated to the condensation.
We associate a dashed charge line to the condensate,
which will play the role of the vacuum line of the theory in the condensed phase. We require the condensate to be self-conjugate,φ = ϕ so that γ ∈ ϕ ↔γ ∈ ϕ, as is physically sensible. A straightforward requirement for such a bosonic condensate would be that condensed charges all have trivial spin, θ γi = 1. However, the braiding properties of several charges with trivial spin may still be non-trivial especially for non-abelian anyons. Although we have not defined vertices in the condensed phase yet, from a physical point of view the following diagrammatic equalities are natural -at least heuristically. The interested reader might want to return to this section after the vertices have been properly defined to verify the precise content of the following statements.
We require this diagrammatic equality to hold:
which implies the following monodromy equality
Consistency conditions like these enable one to determine the effective TQFT in the presence of the condensate. The above equation yields a condition on the spin factors of the condensed charges
By choosing k = 0 we find 
The relation (46) is in some respects more fundamental than the boson condition (43). It is equivalent to the definition of a Frobenius algebra in the context of tensor categories. Relation (43) is known as commutativity of the algebra. We refer the reader who is interested in the mathematics of this relation to Ref. 23 and references therein for further details.
B. Particle spectrum in condensed phase
In the presence of a condensate, the charges a in A can now no longer be viewed as the elementary excitations in the system, as they may fuse freely with this new vacuum and this fusion product in general contains multiple charges. The first step in the topological symmetry breaking scheme is now to achieve consistency in fusion, i.e. make sure the new vacuum ϕ indeed acts as a vacuum field in the fusion algebra that describes the condensed phase. This step gives us the so-called T theory. Later we will demand consistent braiding and project out the confined sectors: this will leave us with a theory called U.
Let us label the charges in the T theory as t, r, s, . . . . Since the condensate ϕ acts as the vacuum in the T theory, the charges t will naturally appear as parts of the fusion products a × ϕ. So certain charges of A can no longer be distinguished in the condensed phase when they are related by fusion with one of the charges in the condensate. If a, b ∈ t we say that a and b get identified in the condensed phase. However, it will not always be the case that t is simply equal to a fusion product ϕ × a. It may happen that ϕ × a = t 1 + · · · + t n . We will see that in this case the t i are precisely all the T charges in which a appears. We say that a splits in the transition, a → t 1 + · · · + t n . In general the t i are referred to as the restriction of a. Each T -charge to which a restricts can thus be related to a fusion product of the form a × γ i = a + . . . , hence it turns out that fusion with the condensate tells us a great deal about the particle spectrum in the condensed phase.
In Section V we provide two examples of Bose condensation (SU (2) 4 → SU (3) 1 and SU (2) 10 → SO (5) 1 ) where we use the above procedure to determine the spectrum in the Bose condensed phase. Let us now study the effect of the Bose condensate on the level of the fusion spaces of the theory.
Our main assertion is that just as the particle sectors in T form superpositions of sectors in A, the vertices in T are superpositions of vertices in A,
with a set of numbers r s t a b c , the vertex lifting coefficients (VLCs), that are fixed by the transition A → T . In Section V we go into the details of how to actually calculate these numbers, which is a non-trivial task that amounts to solving and checking a large number of consistency conditions. Note that once these numbers are known, it is a straightforward matter to express the topological data of the broken phase in terms of the topological data of the unbroken phase. At the end of this section we will give explicit formulae for the F -and R-matrices. However, first we will study two important special cases of VLCs, that involve the vacuum as one respectively three of the T -fields.
Triple-vacuum vertex
For a given condensate ϕ = 0+γ 1 +· · ·+γ n the problem starts with finding VLCs for the condensate,
Since vacuum lines should reconnect trivially, we postulate the following fundamental consistency condition
By transforming the left hand side using the F -symbols, this becomes
We can now infer properties of the VLCs by specializing the above equation to certain choices of γ i , γ j , γ k , γ l and γ m (written this way the γ m has to be summed over, although only m that are allowed by fusion contribute). The φ 
which imposes the normalization condition |φ 
for all γ ∈ ϕ, so κ γ = 1 as was mentioned in the introduction to this section.
T particle propagators
The vertices containing one vacuum line are related to the propagator of charges in the broken phase. We can compute the associated VLCs using the defining relations
This way, we obtain
(Again we pull out the normalization factor √ q; with this definition we also have t 0a b = δ ab when a, b ∈ t and 0 otherwise.) In fact, the equation on the right in (53) is trivially satisfied if we define
Of course this constitutes a choice: we could as well have taken the inverse braid relation. Let us also define
There are numerous relations between VLCs, using the relation
and unitarity we find
After determination of the complete set of t γa b
in fact all the t aγ b and t ab γ follow immediately. In Appendix B, we present a full list of diagrammatic relations and their symbolic equivalents, like (58) and special cases thereof.
A particularly useful relation is the orthogonality condition
This is derived by working out the diagrammatic inner product in terms of VLCs:
but also
Comparing the coefficients in front of the c-charge lines we obtain (61).
Writing down a diagrammatic equality in T and checking its content in A is a powerful means to reveal information. By inspecting
for example, we find that κ t = κ a for all a ∈ t, so the restriction respects the Frobenius-Schur indicators. Finally, let us note that the condensate slides freely past vertices, expressed e.g. by
such that it indeed behaves as a proper vacuum in the new theory.
Topological data of the condensed phase
Using the VLCs it is straightforward to obtain the full topological data of the T and U phases. We start form the defining relations of the F -symbols, namely
In principle these F -symbols in turn determine the the F -symbols with two legs up and two legs down, but we can also directly obtain those starting from
Expanding both sides using VLCs we obtain a relation featuring both the F -symbols of the A and of the T theory. Finally we use the orthogonality relation (61) to derive the closed expressions In this section we discuss braiding and confinement in the broken phase, which amounts to the difference between the algebras T and U.
Some of the sectors in T will survive in the bulk, some will be confined. The physical mechanism behind confinement in 2 + 1 dimensional topological field theories is non-trivial braiding with the condensate. The vacuum state or order parameter should be single valued if carried adiabatically around a localized particle-like excitation. If it is not single valued that would lead to a physical string or "domain wall" extending from the particle that carries a constant energy per unit length. The unconfined algebra U consists of the representations in T minus the confined ones, it is this algebra that governs the low energy effective bulk theory.
Diagrammatically, the condition for unconfined sectors is
From the monodromy equation (32) we see that this is equivalent to θ a = θ b for a, b ∈ u. This yields no condition on the VLCs. The charges for which (70) holds form a subset of the charges of T that are closed under fusion, and the labels u, v, w, . . . usually refer to this subalgebra U.
The U theory has consistent braiding with R-symbols 
The way the F -and R-symbols are obtained usually involves the representation theory of quantum groups (see e.g. Ref.
30). The current work provides an alternative route, that to produces the topological data at least for all theories that can be obtained by condensation from SU (2) k (or other models for which F -and R-symbols are available). For diagrams that involve nontrivial braiding, one would expect that it is not allowed to do the evaluation on confined charges. Nicely enough, these are automatically projected to zero. The following projection property holds 22, 23 :
(where δ t∈U = 1 when t ∈ U and 0 otherwise). For unconfined charges, this is a trivial consequence of the consistency conditions. Expression (72) is equivalent to the equation
The left hand side turns out to be b-independent, which is only consistent with it not being zero when the θ b are identical for all b ∈ t. This is precisely the confinement condition.
As we can always attach a condensate bubble at a point in the diagram, in diagrams with braiding we can usually slide the condensate around until a configuration like (72) is reached locally. This means e.g that
The diagram on the left leads to the rather nice equation
IV. EVALUATION OF DIAGRAMS IN THE CONDENSED PHASE
Equations (68) and (71) give access to the full topological data of the condensed phase (bulk and boundary) through the VLCs, and using these, arbitrary diagrams can in principle be evaluated. However, in practice it is often much more natural to lift the diagrams directly and evaluate them using the data of the A-theory. This has the advantage that generally only a small subset of the VLCs has to be known and, moreover, it emphasizes the physical picture and reveals interesting relations that remain hidden in the more indirect route.
In order to lift diagrams that contain more than one component -and we will describe this in full detail in this Section -one has to draw vacuum exchange lines (VELs), that describe the interaction of the particles with the condensate. The full topological symmetry breaking scheme may now be understood in terms of the following commutative diagram: We will now fill in the final gaps in the description of the vertical arrow on the right , providing the details of how general operators from U (and T ) are expressed in A.
A. A recipe for lifiting diagrams
We first give the general recipe and then comment on each of its steps. Thereafter we discuss the ingredient that had been missing up to now: when lifting diagrams the appearance of the condensate has to be made explicit. 5. Evaluate using the data of A.
Draw a diagram in U
This step is self-explanatory. We will assume in this section that the diagram that needs evaluation is labeled by U charges as we focus on the bulk properties of the anyon model. But, as we saw that the theory projects diagrams that are not allowed for confined charges automatically to zero, general T charges are in fact allowed. Diagrams for physical observables are usually given by a link, corresponding to a vacuum-to-vacuum expectation value. These diagrams can be read as the creation of a (set of) anyons, followed by some braiding pattern and the subsequent annihilation of the anyons.
Normalize
The proper normalization turns out to be an overall factor of 1/q, where q = d ϕ is the quantum embedding index. An easy way to establish this is by considering the diagram for the quantum dimensions of the condensate. Clearly, this should evaluate to 1 while a naive evaluation leads to q.
Dressing of diagram with VELs
In this step we make sure that the diagram is connected by attaching VELs (lines labeled by the condensate) between the otherwise disconnected components.
Necessity of VELs To see why this is necessary, remember that the conditions on the condensate all basically boiled down to one thing: the new vacuum line should act as a proper vacuum sector, i.e. one should be able to freely attach vacuum lines to any diagram representing an operator expectation value. Condensate lines starting on and ending on the same single connected component of the diagram can always be removed by applying the vacuum consistency conditions for the broken phase, for example one has the sequence:
For vacuum lines connecting two different components the situation is slightly more subtle. If there are two condensate lines connecting the components, then the endpoints of one of the condensate lines can only be shifted from one component to the other using the second vacuum line:
implying that it suffices to only draw a single vacuum lines until all components are directly or indirectly connected. Consequently the necessity of the connecting condensate lines can be viewed in two ways. One way is that, once the connecting VELs are in place, we can freely connect other condensate lines as is appropriate for the vacuum. They can be annihilated by sliding them around until the endpoints meet and we remove the bubble using (77). The evaluation of the diagram remains the same. Here we assume that the lines in the diagram are labeled by unconfined charges so that all braidings with the condensate can be undone. Recall that the theory takes care of confined charges in a natural way by projecting diagrams that are not allowed to zero, so there is no loss of generality here. The other way to think about the necessity of the VELs is imagining that we must somehow take into account all imaginable vacuum lines in the diagram. Then, by the same logic, we can always effectively remove them as long the resulting diagram stays connected. The physical reason for the appearance of the VELs is clearly the fact that in the condensed phase, the excitations will unavoidably interact with the condensate.
We call a diagram where all components are connected by condensate lines a dressed diagram. In previous work 7 , we had already identified such nontrivial contributions to the S-matrix in a lattice model and dubbed them vacuum exchange diagrams.
VELs and linking Charge conservation implies that when a diagram that can be separated in two unlinked components, the connection by a VEL between the parts is in fact spurious, if we agree to normalize the components by 1/q separately. To see this, first imagine two processes X and Y separated in time, each consisting a set of creation, braiding and annihilation processes. These are represented by two separate link diagrams drawn one above the other. The vertical VEL that should be drawn according to the recipe can be removed without changing the evaluation of the diagram
This fact is derived from the simple statement that tadpole diagrams evaluate to zero for nontrivial charges,
The same reasoning holds for diagrams separated in space,
This type of diagram generally portrays operations on spatially separated groups of anyons that do not lead to entanglement between the groups. Hence, we see that the presence of the condensate does not induce entanglement by itself. For confined charges, the only non-zero diagrams are planar and so here we do not need the VELs if we just put in a normalization 1/q for all separate components.
Lift diagram
This is the step where the present work provides the essential ingredients, such that diagrams can actually be computed. The diagram in U is expanded in the A theory by putting in the corresponding superpositions for the labels u, v, w, . . . at the charge lines
and, importantly, by putting in the VLCs as coefficients at all the appearing vertices
The vertices can either appear because the original U diagram contained vertices or because disconnected components are now connected by VELs and thus have a vertex with the condensate.
Evaluate using A data
Finally, we can evaluate the terms in the superposition by making use of the F -symbols and R-symbols of A. This way, the protocol expresses any vacuum-to-vacuum diagram of the U-theory in terms of VLCs and the F -and R-symbols of the A theory. Generally, operators going from a set of U-anyons u 1 , . . . , u n to anyons u 1 , . . . , u m , result in a complicated superposition of operators of all the mixed combinations of the a j ∈ u j to combinations of the a i ∈ u i .
B. General observables and splitting
Interesting observables are generally represented by diagrams of knotted and linked loops, representing creation of anyon particle anti-particle pairs, some braiding pattern, and annihilations of all the anyons. One example of such a diagram is the topological S-matrix. Charge conservations implies that the only vertices involving the VELs that give non-zero contributions are the ones involving a boson γ i and only one charge a. The only nontrivial contributions thus involve the t γia a and t aγi a which are only non-zero for a that split. The splitting of charges in the condensation is thus tightly linked with the correct outcome for observables in the condensed phase.
Two basic examples
Condensed phase quantum dimension As the quantum dimensions of the theory are fundamental quantities, these are the first objects that should reproduced by our scheme. They correspond to the evaluation of a loop. To lift such a diagram to A, all we need to do is take the superposition as no vertices appear and a loop has only one component. This way we obtain
This can be shown independently 31 . From ϕ × a = t 1 + · · · + t n is is then also evident that d a = i d ti when a → t 1 + · · · + t n in the condensation. In other words, the quantum dimension is conserved.
Condensed phase topological S-matrix It is convenient to forget about the normalization by the total quantum dimension of the topological S-matrix for the moment, and simply take
Following the general recipe, the S-matrix of the Ttheory is given by the diagram
For convenience, we will specialize to the case ϕ = 0 + γ. Identifying the contribution from the non-trivial vacuum exchange lines yields the diagram
This means that we may write
V. CALCULATION OF VLCS
In the previous Section we defined the VLCs and gave some relations between them. Here we will go into the details and solve the consistency conditions that are presented in Appendix B for two classes of Bose condensates in TQFTs. We study one-component condensates of the form ϕ = 0 + γ, that either have or have not got a triple-vacuum vertex. We derive general formulas for these classes since it are cases that we can solve and all of the interesting physics (splitting, identification, confinement) can already occur when one limits oneself to this situation.
We also give one representative example of both cases: the breaking of SU (2) 4 to SU (3) 1 and the breaking of SU (2) 10 to SO(5) 1 . These examples are the same ones that were considered in Ref. 18 , but here we derive the VLCs and therefore the full set of topological data whereas in the previous work the results were limited to the set of particle sectors.
A. General scheme
Although we have only solved the case ϕ = 0+γ in full, we believe the scheme to calculate VLCs we will outline now is general in nature.
First, one needs to calculate the φ ij k symbols that appear in the lift of the triple-vacuum vertex. To do this, one needs to find solutions to the diagrammatic equation (46), repeated here for clarity:
Then, one has to solve the T -propagators. It basically involves finding solutions to equations of the form 
Expanding both sides of these equation using the VLCs yields the eigenvalue equations 
with
The eigenvectors of these matrices with eigenvalue 1 are therefore proportional to the VLCs. To properly normalize them, we use the three orthogonality relation (B4), (B5) and (B6) in Appendix B. Note that one needs to simultaneously solve (94), (95) and (96) to obtain a complete solution including relative phases, which is not an easy task. In fact, the VLCs are not completely fixed but retain a residual gauge freedom. This is not to be confused with the gauge freedom present in the F -symbols related to a unitary transformation in the elementary splitting spaces of the theory: the F -symbols of A are gauge fixed in all of our considerations. But still, we may redefine the VLCs according to 
where ζ r a are arbitrary phases but with the condition ζr a = ζ r a * . In practice, we use this freedom to gauge fix the t γa b . A final overall phase freedom for the VLCs with r, s, t = ϕ remains, corresponding to the freedom in the T theory to redefine elementary vertices by a phase.
B. Single boson without triple-vacuum vertex
The simplest class of condensates is clearly
in other words, a simple current of order two. The absence of a triple-vacuum vertex means that the condensate vertex expands as
By viewing (46) in the V γγ γγ subspace, we find
This implies that indeed γ × γ = 0, and so d γ = 1 and γ = γ.
T -propagators
Our first objective is to obtain the t γa b . The trick is to start with the
Note that these are gauge invariant quantities, only nonzero when a splits. The diagrammatic equations (90) lead e.g. to
For γ =γ this leads to two solutions for t γa a ,
and since there is no gauge freedom left, these correspond to the different particles in the restriction of a. We will write these as t + , t − , so a → t + + t − or ϕ × a = t + + t − . Note that splittings into more than two sectors do not occur for a single boson condensate when we assume there are no fusion multiplicities N c ab > 1. In general the maximum number of charges a restricts to is limited to the number of bosons in the condensate times the maximum fusion coefficient.
The modulus of the t 
comes to help, which can be derived from the diagrammatic equality
This equality is a result of the choice made in Eq. (55).
Choosing the inverse braid would have led to the condensate line passing under the cap.
General VLCs
Finally, general VLCs are found using the eigenvalue equations (91)-(93) and normalized using (61). Equation It may happen that the eigenvector we find is not unique, and also the phase is not fixed by the normalization condition. It appears that by cross checking with the other eigenvalue equations (91) and (92) all information can be obtained. Currently, we are busy implementing this scheme for the family of SU (2) k theories for general condensates with a single non-trivial boson 32 .
Example: SU (2) 4 Let us take SU (2) 4 , with charges 0, 1, 2, 3, 4 as an example. The fusion rules and other topological data are gathered in Table I . There is one boson γ = 4 in the spectrum, and it turns out that ϕ = 0 + 4 indeed satisfies all the consistency conditions for a condensate. We have quantum embedding index q = 2 in this case. The table ϕ × a reveals the spectrum of the T -theory,
i.e. we find four charges ϕ = (0 + 4), (1 + 3), 2 + and 2 − (parentheses emphasize that we mean elementary charges in the T -theory). The notation 2 ± signifies that the charge 2 splits in the condensation into two distinguishable charges of T . These both lift to 2, but differ in a sign in the VLCs involving γ, clarifying the mechanism of the splitting of charges. Since 1 and 3 have different topological twists, the charge (1 + 3) gets confined. The charges ϕ, 2 + , 2 − correspond to 0, 3,3 of SU (3) 1 as has been noted in Ref. 18 .
The procedure outlined above can be carried out by hand or implemented algorithmically. To illustrate the outcome, let us list the vertices for SU (2) 4
with q = 2. Note that the charge (1 + 3) is confined, but the expansion of the vertex is perfectly well-defined.
S matrix The S-matrix of SU (2) 4 is
whileS ab is easily obtained 
Note that indeed the non-zero contribution comes from the charge 2, which is the only charge that splits in the condensation SU (2) 4 → SU (3) 1 . It is now straightforward to obtain S st from (88). We get
and recognize (1 + 3) as the confined charge of T -its row and column are identically zero. The residual matrix
is indeed the not yet normalized S-matrix of SU (3) 1 .
To obtain the normalized unitary S-matrix we divide by
C. Single boson with triple-vacuum vertex
For the more interesting case when γ is not a simple current, the condensate vertex expands as
The consistency condition (46) implies
which gives the phase of φ as
The choice of sign corresponds precisely to the gauge freedom for the VLCs discussed above. We will choose the positive sign by convention. The modulus can easily be induced by the following instance of the consistency condition
Rewriting the left hand side using F -symbols and solving for |φ| yields
Equation (124) has to hold for any charge c from the theory A, showing that it is a rather stringent condition on the condensate. This way, we obtain
Note that this returns φ = 0 if N γ γγ = 0, in which case we recover the situation discussed earlier.
The condition for the propagator (90) applied to t γa a leads to the general solution
The choice of sign again leads to two distinguishable Tparticles t ± . The t 
The phase is harder to compute. The consistency condition implies (in fact for arbitrary condensates)
Due to the gauge freedom, one can often choose some of the phases for t γa b freely. The phase of t γb a then follows from (128). For self-dual particles equation (108) provides the phase up to a sign, which is the residual gauge freedom in that case.
Example: SU (2) 10 An example of this more intricate case is the SU (2) 10 theory with charges labeled by integers from 0 to 10. The quantum dimensions, spins and Frobenius-Schur indicators are listed in Table II . Based on earlier work 18 we will consider ϕ = 0 + 6. This time 6 ∈ 6 × 6 = 0 + 2 + 4 + 6 + 8 leading to non-zero φ. One can check, using the general topological data for SU (2) k in the Appendix A that Eq. (122) and (124) give the result φ = 2 1/4 i. The condensate vertex is therefore
The table ϕ × a again reveals the spectrum of T (we use brackets to group the charges accordingly): The U-theory corresponds to SO(5) 1 in this case 18 , with unconfined charges (0 + 6), (3 + 7), (4 + 10). The embedding index is q = 3 + √ 3. The SU (2) 10 vertices look messier, but the procedure to obtain the coefficients is the same. We present the t γa a parts of the expansion, as these are most important in the calculation of observables. The vertices for the unconfined charges are
while the vertices for the confined charges are , but we will not print them explicitly here.
Using these, we obtain the S-matrix
This is the same S-matrix as the Ising anyon model. The difference between the Ising model and SO (5) In this work we studied Bose condensation in (2+1)-dimensional anyon models, in particular the relation between the TQFTs in the presence and the absence of a condensate. Whereas in previous work the focus was primarily on the relation between the particle spectra and/or between the underlying quantum groups in the different phases, in this work explicit derived expressions for the F -and R-matrices in the condensed phase.
In order to do so we introduced a set of numbers, the vertex lifting coefficients, that appear when one expands the fusion spaces in a Bose condensed phase in terms of the basis states that are defined in the absence of this condensate. These numbers do not only appear in the expressions for the F -and R-matrices, but also allow one to evaluate diagrammatic expressions -after the diagrams have been properly dressed with vacuum exchange lines. This construction is illustrated by calculating the modular S-matrix in the condensed phase. We have given this calculation in some detail for the breaking from SU (2) 4 → SU (3) 1 , and for SU (2) 10 → SO(5) 1 . The results we have obtained however are general and should work for any Bose condensed phase in an anyon model.
Let us conclude with some comments on a number of topics where we expect our findings to be useful.
Topological data The calculation of topological data (i.e. F -symbols and R-matrices) is a difficult task. It boils down to finding solutions to a huge set of highly nonlinear equations, the hexagon and pentagon equations. The present work is useful in this respect, since in allows one to calculate the topological data for any condensed phase from the data of the unbroken theory assuming that those are given. This is exemplified by all the theories related to (several copies of) SU (2) k , for which closed expressions for all the topological data are known (these can be found in the Appendix).
Role of the T theory In the literature on Bose condensate sofar, it was often conjectured that the T theory, which appears 'halfway' in the symmetry breaking formalism, describes the physics on the edge of the broken phase. The precise details of this statement appear to be rather subtle -in particular the question which of the sectors in T are gapless and which ones describe massive degrees of freedom has been the subject of discussion 34, 35 . In recent work 36 , it was found that the existence of protected edge modes that live between a topological phase and a vacuum depends on the absence of a so-called 'Lagrangian subgroup' in the fusion algebra of the theory. The definition of this Lagrangian subgroup coincides with our definition of a Bose condensate, at least for the Abelian examples discussed in this paper. We are currently looking into this matter more carefully 37 . A related issue is the possibility of 1D condensates. Using the formalism developed in this paper one can study condensates that satisfy the fusion consistency condition, but not the braiding condition.
Explicit models In earlier work 7 , it was found that the modular S-matrix is a good quantity to characterize the topological order of a phase of matter. For the models studied in that work, discrete lattice gauge theories, it was possible to measure the expectation value of the S-matrix by inserting a pair of quasiparticle worldlineloops that formed a Hopf link. One may wonder how general an order parameter the S-matrix is, since for many systems such an insertion might not be possible. However in recent work 19, 20 it was pointed out that one can also extract the S-matrix from the overlap between different ground states on the torus -an approach which can in principle be applied to any quantum many-body system. Since the present work enables the calculation of S-matrices in the different phases of a topologically ordered system one may predict the value of this order parameter in phases that are related to one another by Bose condensation.
Another class of models for which the present work might be useful is the Levin-Wen, or string-net models 11 . First of all, explicit wave functions for the ground state of these models in terms of tensor product states are known 38 . They are expressed in terms of the F -symbols of the underlying anyon model. The phase diagram in these models contains states that are related to one another by Bose condensation. Since the present work allows one to relate the F -symbols of two different theories using VLCs, it may lead to explicit expressions for the ground state wave function in the presence of a Bose condensate. Secondly, in this work we find expressions for the F -matrices of the T theory, in other words, Fmatrices that satisfy the pentagon relations but not necessarily the hexagon relations -the mathematical name for such a structure is a spherical fusion category. The Hamiltonian of string-net models does not necessarily require consistent braiding and the F -matrices we obtain for the T theory could therefore serve as input. It is generally believed 12, 39 that the TQFT describing the topological order of such models is given by the center of the spherical fusion category. In the mathematical literature it is known that the center of our T theory equals A × U 40 . The microscopic origins of the resulting topological phase and the relation to Bose condensation do not seem to be well-understood and deserve further attention.
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[n] q ! = 
The sum over z should run over all integers for which the q-factorials are well-defined, i.e. such that none of the arguments become less than zero. This condition depends on the level k. The expression for ∆ is only well-defined for admissible triples (a, b, c), by which we mean that a + b + c = 0 (mod 2) and |a − b| ≤ c ≤ a + b (we will take it to be zero for other triples, implementing consistency with the fusion rules). Note that ∆ is invariant under permutations of its arguments. The R-symbols are given by the general equation 
which in turn gives a simple expression for the topological spins 
The quantum dimensions of the theory are 
The topological central charge is c = 3k/(k + 2).
Appendix B: VLC properties and relations 
